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The crossing number of the Cartesian product C, x C, of a 3-&e and an 
n-cycle is shown to be n. 
The crossing number V(G) of a graph G is the minimum number of crossings 
in any good drawing of G in the plane. For a rigorous development of the 
concept of crossing number and for a survey of results on the topic, the 
reader is referred to Erd& and Guy [2] or Guy [3]. For this paper, an 
informal description should suffice: In a good drawing of a graph in the 
plane, no two edges with a common vertex meet in another point, no two 
edges meet twice, no edge meets itself, no more than two edges meet in a 
point, and no vertex is an interior point of an edge. A crossing in a good 
drawing is an interior point of two edges. 
We prove here that the crossing number of the Cartesian product C, x C, 
of a 3-cycle and an n-cycle is n. There are few homeomorphism classes of 
nonplanar graphs for which the crossing number is known. Heretofore, 
only within the family of complete bipartite graphs (Kleitman [5] determined 
Q&J for min{m, n) < 6) were arbitrarily large crossing numbers known. 
The graph C, x C, is a special case of the general Cartesian product 
C,, x C, of two cycles. This product has mn vertices (i, j) for i = 0, l,..., 
m - 1 and j = 0, l,..., n - 1; with vertex (i, j) adjacent to the four vertices 
(i - l,j), (i + l,j), G,j - I>, and (i, j + 1). (The first coordinates are taken 
modulo m, the second modulo n.) Figure 1 shows the graph C, x C, drawn 
FIGURE 1 
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in the plane with N crossings. We note in passing that since this is a straight 
line drawing, we will also obtain n as the so-called “rectilinear crossing 
number” of C, x C, . The construction in Fig. 1 is easily extendible to 
C, x C, (with m < n), and Harary et al. [4] conjectured that such drawings 
are optimal; i.e., v(C, x C,) = n(m - 2) when m < ~1. They also proved 
that v(C, x C,) = 3. Thus, we have the following lemmas. 
LEMMA 1. v(C, x C,) = 3. 
LEMMA 2. 4G x Cm) < n. u 
In the remainder of this paper we prove that equality holds in Lemma 2. 
To this end, we make the following definition. Let D be a good drawing of 
graph G and let H be a subgraph of G. The responsibility of H in the drawing 
D is the total number of times edges in H are crossed. With this definition, 
each crossing thus contributes one to the responsibility of any subgraph 
containing either edge of the crossing, and two if the subgraph contains 
both edges of the crossing. 
LEMMA 3. If, for n > 4, D is a good drawing of C, x C, in which no 
triangle has an edge crossed, then D has at least n crossings. 
ProoJ: For convenience, let aj , bj , and cj denote the vertices (0, j), 
(1, j), and (2, j), respectively, in the graph C, x C, . Let Hj , forj = 0, I,..., 
n - 1, denote the induced subgraph of C, x C, having the six vertices 
aj , bj , cj , aj+l , bl , ~j+~ . We show that Hj has responsibility at least 2 in D. 
Since no triangle has an edge crossed, and since each nontriangle edge is in 
exactly one Hj , it will follow that D has at least n crossings. 
If two of the nontriangle edges a,aj,, , bjbj+l , c~c~+~ cross each other, 
then H has responsibility at least 2. Hence we assume that no edges of H 
cross each other. Since H is the graph of a triangular prism, all embeddings 
of H on a sphere are homeomorphic. By hypothesis, the triangle aj+zbj+,cj+, 
has no edges crossed, so it must lie entirely within one of the faces of Hj , 
which by an easy argument must be quadrangular, bounded (say) by 
4 2 aj+l T c?+~ , 3 c. (see Fig. 2). However, the n-cycle consisting of all vertices 
with label bi must cross the boundary of this region twice. That is, between 
them the edges a,a,+, and c?c~+~ have two crossings. Thus, as asserted, 
Hj has responsibility at least 2 and the proof is complete. 1 
THEOREM 1. v(C, x C,) = n. 
Proof. The proof is by induction on n. The result holds for IZ = 3 by 
Lemma I. Assume the result is true for n = k (k 3 3), and let D be a good 
drawing of C, x C,,, . Suppose D has fewer than k + 1 crossings. By 
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Lemma 3, there is a triangle with an edge crossed. The removal of the 
edges of this triangle results in a graph homeomorphic to C, x C, drawn 
with fewer than k crossings. This contradicts the induction hypothesis, 
so the theorem is proved. 1 
In conclusion, we note that Eggleton and Guy [I] have announced that the 
crossing number of the “4-cube” C, x C, is 8. 
Note added inproof We have recently extended our results to include the graphs C, x C, 
and K4 x C, . 
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